We prove that invariance of a quantum theory under the semiclassical vs. strongquantum duality S/ ←→ /S, where S is the classical action, is equivalent to noncommutativity (of the Heisenberg-algebra type) of the coordinates of the space on which S is defined. We place these facts in correspondence with gerbes and NeveuSchwarz B-fields and discuss their implications for a quantum theory of gravity. Feynman's propagator turns out to be closely related to the trivialisation of a flat gerbe on configuration space. The 2-cocycle defining this flat gerbe is given by the exponential of the surface integral of the Neveu-Schwarz field.
Introduction
Let M be an n-dimensional spacetime manifold endowed with the the metric tensor g µν of signature (+, −, −, . . . , −). Let x µ , µ = 1, . . . , n, be local coordinates on M. The possibility of measuring the infinitesimal distance
between two points on M rests on the assumption that the corresponding coordinates can be simultaneously measured with infinite accuracy, so one can have
simultaneously for all µ = 1, . . . , n. In quantum-mechanical language one would recast this assumption as
The vanishing of the above commutator expresses two alternative, though essentially equivalent, statements, one of physical content, the other geometrical. Physically it expresses the absence of magnetic B-fields across the µ, ν directions [1] . Geometrically it expresses the fact that the multiplication law on the algebra of functions on spacetime M is commutative. Modern theories of quantum gravity, as well as string theory, all share the common feature that a minimal length scale, the Planck length L P , exists on spacetime,
so L P effectively becomes the shortest possible distance,
This coarse graining of a spacetime continuum M can be mimicked, in noncommutative geometry [2] , by noncommuting operator coordinatesx µ acting as Hermitean operators on (complex infinite-dimensional) Hilbert space H.
with θ µν a constant, real, dimensionless antisymmetric tensor. Here a > 0 is a fundamental area scale, such that lim
Moreover, in the limit a → 0, one can identify (possibly up to some singular renormalisation factor Z) the operatorx µ on H with the function x µ on M. Since the Heisenberg uncertainty relations corresponding to (6) imply
the above statement concerning the coarse graining of M follows. Up to possible numerical factors one can therefore set
It has been argued [3] that the existence of a fundamental length scale L P on M implies modifying the spacetime metric according to the rule
so L P effectively becomes the shortest possible distance. One can also prove [3] that modifying the spacetime interval according to (10) is equivalent to requiring invariance of a field theory under the following exchange of short and long distances:
On the other hand, we have in ref. [4] shown that the existence of a minimal length scale L P is equivalent to the exchange
in Feynman's exponential of the action integral S exp i S ,
so the latter becomes
Since the equations of motion that follow from the variation of S/ are the same as those derived from the variation of /S, classically there is no difference between S/ and /S. We will refer to the exchange (12) as semiclassical vs. strong-quantum duality. This simple Z 2 -transformation has been extended [4] , in the sense of grouptheoretic extensions [5] , to larger duality groups G such as SL (2, Z), SL (2, R) and SL (2, C).
It is the purpose of this letter to examine the relation between the noncommutativity (6) and the semiclassical vs. strong-quantum duality (12) . We will prove that eqns. (6) and (12) are equivalent: whenever the one holds, so does the other, and viceversa. For the proof we will use the geometric language of gerbes [6] .
That eqns. (6) and (12) should somehow be equivalent can be arrived at reasoning as follows. Eqn. (9) implies that if we have a length scale L P then we have an area scale a = L 2 P , and conversely. The latter appears on the right-hand side of (6) . Building on previous work [3] , the equivalence between the existence of a length scale L P and the duality (12) has been proved in ref. [4] . Hence one can expect the commutation relations (6) to follow from the duality (12) , and viceversa.
An instance of the semiclassical vs. strong-quantum duality (12) has appeared under a different, though essentially equivalent, guise, in ref. [7] . In this latter paper the reparametrisation symmetry of a relativistic free particle has been exploited to impose a gauge condition which, upon quantisation, implies spacetime noncommutativity. Then an algebraic map from this gauge back to the standard commuting gauge has been shown to exist such that the classical Poisson algebra, and the resulting quantum theory, are identical in the two gauges. Other recent works on gerbes, duality, noncommutative quantum mechanics and related topics are refs. [8, 9] . Looking beyond, eqn. (12) presumably has close cousins in other known duality transformations in fields, strings and branes [10] , T-duality [11] being one example.
Basics in gerbes
A comprehensive treatment of gerbes can be found in ref. [6] . Here we will limit ourselves to a very brief summary.
It is well known that a unitary line bundle on a base manifold B is a 1-cocycle (1))). The latter is the firstČech cohomology group of B with coefficients in the sheaf of germs of smooth, U(1)-valued functions [12] . Let {U α } be a good cover of B by open sets U α . Then the bundle is determined by a collection of U (1)-valued transition functions defined on each 2-fold overlap
satisfying
as well as the 1-cocycle condition
A gerbe is defined as a 2-cocycle g ∈ H 2 (B, C ∞ (U (1))). This means that we have a collection {g αβγ } of maps defined on each 3-fold overlap on B
as well as the 2-cocycle condition
Now g is a 2-coboundary inČech cohomology when
αβ . The collection {τ αβ } is called a trivialisation of the gerbe. One can prove that over any given open set U α of the cover {U α } there always exists a trivialisation of the gerbe. Moreover, any two trivialisations {τ αβ }, {τ ′ αβ } differ by a unitary line bundle. This is so because the quotient q αβ := τ ′ αβ /τ αβ satisfies the 1-cocycle condition (17). A gerbe, however, does not qualify as a manifold, since the difference between two trivialisations is not a transition function, but a line bundle. To compare with fibre bundles, the total space of a bundle is always a manifold, any two local trivialisations differing by a transition function.
One can define connections on a gerbe in a way that parallels the definition of a connection on a unitary line bundle. Let the Neveu-Schwarz field B µν dx µ ∧ dx ν be a 2-form potential on B, and let H = dB be its curvature 3-form. One can use the Poincaré lemma in order to relate de Rham-cohomology indices µ, ν toČech-cohomology indices α, β and viceversa [12] . On a gerbe specified by the 2-cocycle g αβγ , a connection is specified by forms A, B, H satisfying
The 3-form H is the curvature of the gerbe connection. The latter is called flat if H = 0. By a standard argument inČech cohomology [12] one can prove that a flat gerbe connection defines a 2-cocycle c αβγ /2π represented by aČech class [c αβγ ]/2π ∈ H 2 (B, R/Z). This class is called the holonomy of the gerbe connection. One can think of a gerbe with a flat connection as having holonomy around a closed surface S ⊂ B. Since H 2 (S, R/Z) = R/Z, a flat gerbe connection gives us an angle θ of holonomy around each closed surface S.
Gerbes on configuration space
Let an action integral S be given for a point particle on spacetime M. Let us further assume that the latter factorises, at least locally, as the product of the time axis R and a configuration space F. Coordinates x µ (α) on the local chart labelled by α therefore decompose as (t α , q j α ), with j = 1, . . ., n − 1. This latter index will be suppressed in what follows. Let any two points q α , q β be given on F, with local charts U α , U β centred around them. Given a path L connecting q α to q β , we define a U(1)-valued function t αβ on U α ∩ U β :
The argument of the exponential contains the action S evaluated along L. To eliminate the explicit dependence on the latter we integrate (25) over all paths from q α to q β :
If the right-hand side of (26) were not U(1)-valued, we would normalise it:
One can readily prove that (27) qualifies as a gerbe trivialisation on configuration space F. Once a trivialisation τ αβ is available, a 2-cocycle g αβγ can be defined as per eqn. (21). Now τ αβ in (27) equals the normalised Feynman propagator ∆ F (x β − x α ) from x α = (t α , q α ) to x β = (t β , q β ), i.e., the U(1)-valued phase of ∆ F (x β − x α ). Then the 2-cocycle g αβγ equals the phase of the product of three propagators,
In order to analyse (28) in more detail we proceed as follows. Separate the Lagrangian L into a free piece plus an interaction piece,
where L int (q) is q-dependent but independent ofq.
The free case
Here L int = 0. Then the action along a path L is proportional to its length:
We have introduced the length 1-form
which is the pullback, to the path L, of the length element (1) on M. For a free particle, the normalised path-integral (27) yields
where
is the action evaluated along the geodesic connecting q α with q β , and l αβ its length. Then the 2-cocycle (21) is given by
Here
equals −mc times the perimeter length l αβγ of a geodesic triangle L αβγ = L αβ + L βγ + L γα with vertices q α , q β , q γ . We choose the latter not to lie all three on the same geodesic. Next let us consider any 2-dimensional surface
where we have defined the 2-form B B := L P dl.
We will call B the Neveu-Schwarz field because it qualifies as such. First, the 2-form B can be defined everywhere on F since any two points q α , q β are always connected by a geodesic. Furthermore, it takes values in the Lie algebra u(1), with a gauge transformation law that conforms to one's expectations,
Above, A is the u(1)-valued 1-form of eqn. (24). Hence the gauge transformation (38) does not alter the defining property (36) of B because, by eqn. (24), the line integral of A along the closed loop L αβγ vanishes,
Moreover, not only is the length of the closed loop L αβγ = ∂S αβγ gauge invariant; it also cannot depend on the particular surface S ′ αβγ chosen as long as ∂S ′ αβγ = L αβγ . Next we derive a necessary and sufficient condition for that to be the case. Glue S ′ onto S along their common boundary, on which a given orientation is fixed. Then the difference S − S ′ encloses a 3-dimensional volume V ⊂ F. By Stokes' theorem
The above vanishes identically if and only if B is closed:
In other words, the B-field must be flat. By eqn. (35) we now have
Altogether eqns. (34), (42) express the 2-cocycle as the (exponential of) the surface integral of the Neveu-Schwarz field,
To summarise, the above 2-cocycle is gauge invariant and it defines a flat gerbe on configuration space. Flatness ensures independence with respect to the open surface being integrated over, as long as its boundary equals a given closed geodesic loop L αβγ connecting q α , q β and q γ . Gauge invariance guarantees that the length of L αβγ does not depend on the u(1)-gauge chosen.
The interacting case
Next we turn on the interaction L int = 0. For Lagrangians that are at most quadratic, and for arbitrary Lagangians in the WKB approximation, the path integral (27) can be expressed as
Here S is the complete action S free + S int , evaluated along the classical path L int αβ connecting q α and q β . In general L int αβ will deviate from the geodesic L αβ of section 3.1.
In particular, S αβ will no longer measure the length of the path L (34), the contributions from the interaction term L int cancel because we have assumed the latter to depend on q but not onq. Hence one can write
with
The left-hand side of (46) contains the complete action S free + S int evaluated along the path L int αβγ . However the contribution from S int around any closed loop cancels and we are left with S free . Thus the integral on the right of (46) 
Discussion
The machinery of quantum mechanics, as encoded in Feynman's exponential (13) of the classical action, has been neatly packaged in the geometric language of flat gerbes on configuration space F. This has produced a flat Neveu-Schwarz field B on F. A trivialisation for this gerbe is given by the U(1)-valued phase of the Feynman propagator between the corresponding points. The 2-cocycle g αβγ for this gerbe is given by the U(1) phase of the product of three Feynman propagators whose arguments run cyclically over (the differences of) three points. The expression for g αβγ is given by eqn. (43) in the free case, and by an analogue thereof in the interacting case. Two important properties of this 2-cocycle are u(1) gauge invariance and flatness.
We can now return to section 1 and prove the statement made there, namely, that the exchange (12) is equivalent to a Heisenberg-like noncommutativity (6) for the space coordinates. We first show that eqn. (12) implies eqn. (6) . The starting point is that we can apply the exchange (12) to our theory. We have in ref. [4] shown that this exchange is equivalent to the existence of a minimal length scale L P and, hence, to the existence of an area scale a = L 2 P . The latter arises as the result of integrating the 2-form B over the smallest possible surface. Express the Neveu-Schwarz field B in terms of de Rham-cohomology indices as B µν dq µ ∧ dq ν . It has been known for long [1] that a nonvanishing B µν across the q µ , q ν plane induces the space noncommutativity of eqn. (6) with θ µν = aB
µν , hence our statement follows. (We have assumed as usual that det(θ µν ) = 0 =det(B µν )). The converse also holds true, i.e., eqn. (6) implies eqn. (12) . Here our starting point is the validity of eqn. (6) . Then the right-hand side of eqn. (6) defines a NeveuSchwarz field B µν = a(θ µν ) −1 on F which we can pick as a flat connection on a gerbe. Now the surface integral B is an area, for which there is an elementary quantum a. Then, by eqn. (9), we have a quantum of length L P . Next apply the arguments around eqns. (10) and (11) in order to map the area B into L 4 P / B. By eqn. (42) we can write the exponential of the latter as in eqn. (14), and our assertion is proved.
We would finally like to stress the fact there is nothing wrong with a theory of point particles (as opposed to extended objects: strings, branes) giving rise to a NeveuSchwarz 2-form B µν , rather than the usual 1-form A µ . Surfaces, and therefore 2-forms, arise naturally as a consequence of considering closed 1-dimensional paths. There is, however, a deeper reason for the appearance of the 2-form B µν : the noncommutativity (6) of the space coordinates. Under the latter, 1-dimensional paths become blurred into 2-dimensional surfaces. Since the right-hand side of (6) is a constant, i.e., a central element in the algebra, one need not go beyond dimension 2. (That B µν is constant follows from the flatness of the gerbe). In turn, a nonvanishing right-hand side in eqn. (6) follows from the requirement that gravity play its role, enforcing the existence of a minimal length scale L P .
